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SEARCH FOR AN EQUAL-STRENGTH CONTOUR INSIDE
A VISCOELASTIC RECTANGLE

Annotation. Irregularity of geometric and physical parameters in thin-walled
structures leads to significant concentrations of stresses and creates dangerous
zones for the spread of cracks or plastic deformations. Under the influence of a tense
state, they are similar to gills. Stress concentration zones in areas of irregularity
have a significant impact on the tensile strength and durability of thin-walled
structures. Traditional analytical and numerical methods known at this time are less
effective in investigating the stress-strain condition of corrugated thin-walled
structures. It is, therefore, necessary to develop new effective methods for solving
the tasks of this class. Currently, for engineering calculations, there is virtually no
comparison of simple and convenient formulas for determining the critical
compressive load taking into account the peculiarities of the design. The scientific
novelty of the paper is that to achieve the set goal, it will be used for the first time
in the general theory developed for the calculation of buildings and structures,
known as the "Theory of elasticity in ordinary differential equations." The paper
will show that the accuracy of this new theory is adequate to the classical elongation
theory and at the same time dramatically simplifies the solution of any problem in
the calculation of tiles, which is achieved by converting them to conventional
differential equations. The general methods of compiling differential equations, the
methods of its simplification, for the calculation of membranes with cross-sectional
incisions, and the calculation of plates under conditions of nonlinear deformation
are discussed. Methods for solving differential equations with variable and
momentum coefficients are specified. An algorithm and a program for the analysis
of the stress-strain state of spatial structures and their elements are developed. The
practical value of the paper lies in the possibility of using developed methods and
programs for the design and construction of buildings, as well as for the stability
tasks of slabs with holes, and panels used in construction as typical assembly
elements. The given mathematical algorithm and program for specific tasks, which
are distinguished by simplicity, can be used by design and research organizations
in the calculation and design of plates and membranes.
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1. Problem Statement

Let S be a doubly connected region whose outer boundary is a rectangle A1, Az, As,
A4, whose sides are parallel to the coordinate axes, and whose inner boundary is a
smooth closed contour (an unknown part of the boundary of the region S). It is
assumed that normally compressive stresses with Known principal vectors act on the
sides of the rectangle (or constant normal displacements are given V,(c) = contst),
and the inner part (the desired equal-strength contour) is free from extrenal forces.
The equal strength of the desired contour lies in the fact that the tangential normal
stress acting on it at each point of the contour takes the same value depending only
on time t, i.e. 9(z,t) = Ky(t). The viscoelasticity of the S region as understood by
the Kelvin-Voight model.

To solve the problem, methods of complex analysis are used (methods of the
theory of conformal mappings and boundary value problems of analytic functions),
and the equation of the desired contour is written in an analytical form.

Similar problems of the plane theory of elacticity, plate bending and extended
systems are considered in [G. Kapanadze (2003, 2007), S. Shavlakadze,
G. Kapanadze, A. Gogolauri (2019)] and Ukrainian scientists [16-22].

2. Problem solution

Let us present some results from [9] and monograph [10]. In particular, the boundary
conditions of the second main problem of the plane theory of viscoelasticity acording
to the Kelvin-Voight model can be written in the form [R. Banrsuri (2006, 2007),
R. Banrsuri, G. Kapanadze (2013), D. Gurgenisze, G. Kipiani (2020), M. Mikeladze
(2018), R. Tskedadze, D. Tabatadze (2019), G. Kifiani, G. Akhalaia, V. Beridze,
G. Gegenava (2012)].

ae*e g (g, 1) +

+(p(0,7) —0¢'(0,7) —Y(0,7)) (1
2u(u +iv),o € L

N

Or
t
f[ae*ek(f‘t) + 2e™ O] @ (g, 7)dT —
0 )
- fotem(f_r)(fb(a, 7) + ®(0,7))dt = 2p* (U’ + iv');
®(o,7) = ¢'(0,t), 0 EL
And the first boundary condition of the main problem has the form [10]:
p(o,t) +0¢'(0,7)+¢Y'(0,7) = ifOG(Xn + i¥,)ds .

oc€L ©)
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Or
®(o,t) + ®(0,t) + 0®'(0,7) + +¥'(0,7) = N(0,7) +iT(0,t) . 4)
g€EL
Where

L=L ULy L= U,§=1L$cl), Lg{1) — the sides of the rectangle, Lo — the boundary of
the holes, and by t we will always mean the time parameter.
Taking into account (4), condition (2) can be written in the form:
[®(o,t) — M[N(o,t) +iT(o,t)] = 2u* (' +iv"). (5)
Where I" and M are time operators t:
[®(o,t) = fot[ae*ek(f_t) + Zem(r_t)]q)(a, 7)dt ; (6)

MIN(0,t) +iT(0,t)] = [, €™V [N(o,t) +iT(o,t)ldr. (D

Given that (u + iv) = (V, + iV,)e'*(?), (a (o) the angle between the ox axis and
the outer normal to the contour L, at the point ¢ € L), V,,(0) = const, V(o) = 0,

ocel,V(0) =V(0)=0,0 € Ly; T(0,t) =0,0 € Ly;

N(0,t) =T(0,t) = 0,0 € Lo, Re® (0,t) =220 =10 5 e )

from (5) we obtain

Rel ®(o,t) = 'K(t),0 € L, ;
[y [®(0,t) =0,0 €L, . ®

Where K (t) = KOT(t).

From (8) we obtain the Riemann-Hilbert boundary value problem:

Re[l®(0,t) —TK(t)] =0, 0 € Ly;

(€))
Im[l®(o,t) —TK()] =0, 0 €L;.

Let the function z = w({) conformally map the domain S onto a circular ring
D = {1 < [{] < R} and introduce the notation [ = [, U l;, where [, = {|{| = 1} and
l; = {|¢| = R} are line samples Lo and L; under the mapping z = w({).

From (9) after mapping the area Sto D, we obtain the Rienmann-Hilbert
boundary value problem for the circular ring D.

Re[I'®,(n,t) -TK()]=0, nely;

(10)
Im[T®(77,t) -TK(t)]=0, nel.

Where @,(&,t) = Dlw(S),t].

ISSN: 2411-4049. Exonoriyna Ge3rneka Ta IpupogoKopucTyBanHs, Bui. 3 (47), 2023



~ 157 ~

Problem (10) has only a trivial solution, and thus to determine the function,
®,(&,t) we obtain

@, (S ) -K(t)]=0. (11

It is easy to show that equation (11) has only a trivial solution and, thus for the
function, ®(z,t) we obtain the formula:

d(z,t) =K(t), z=S . (12)

Therefore, for the complex potential @(Z,t), taking into account the equality
¢'(z,t) = §(2,t) we will have:

o(z,t) =7-K(t). (13)

Taking into account the equality X +Y, =(N +iT)e'”, and taking into
account (13), from (1) and (3) we obtain:

e “r[oK(t)]= 24V, (c) + MC(0) (14)
oel, I'[oK()]=0, oel,.

Where C(0) = i f; N(¢p)e!leCoa®lag, = 37_, [ ;) N({o) sin[a; — ay] dsy =
1
C,, =const,oel, r=14.
Boundary condition (14) after mapping the domain S onto D differentiating along

the arc abscissa, taking into account the piecewise constancy of the right side of (14),
can be written as:

Re[e “inQ(7,1)|=0, nel; (15)
Im[inQ(n,1)]=0, nel,

Where
Q(n,t) =T[K(t)w'(17,1)]. (16)
Consider the function:
2 2

10 = (-3 T(-m2) - (1-7%)

j=1
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It is easy to show that T (&) we satisfy the condition:

T =nTm), nel:; T =T@). nel,.

And consequently, the boundary conditions (15) with respect to the function

Q(n,1)

x(n,t) = ——=, can be written in the form:

T (1)

Re[ine*i“(”);((n,t)] =0, nel;
Im[ix(n,1)]=0, nel,.

(18)

4 (a2
The solvability condition for problem (18) hass the form H(—J] =1, and the

j=1
solution of this class problem itself hy (for this class, see [10]) is represented by the
formula:

26 ) =E(). (19)
Where

1 1

E@) =K They (1= %) 7 M2 s (1 - ) *-(1-222) . (20)

(K° — real constant)
Thus, from (16) and (19) we finally obtain:

T[K®)@'(7,)]=T()-E() . 21

Where T (<) and E(¢) are deifned by formulas (17) and (20), respecivally.
Thus, the definition of a conformally mapping function, and thus the definition
of the equation of the desired equal-strength contour, is reduced to solving an

equation of the Voltaire type (21).
Introducing the notation:

K)a'(£,1) = QL) T(OE) = FK (<) . (22)

From (6) and (21) we obtain the equation:

[ae*ek("” + 2em"’”] Q) =F(2) . (23)

[ S
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Differentiating (23) with respect to t and adding the resulting equality with (23)
multiplied by m, we get:

(m-—k)e"® .I[ekTQ(g“, r)dz + (@ +2)e“Q(< 1) = mF,(&)e. (24)

From (24) by differentiation with respect to t we obtain a differential equation of
the first kind

QD) +aQ(c ) =F(C) . (25)
Where

(26)
mae +2k (g)_kmF (4’)
® +2

(in the expression Q(é’ 1) the dot means the derivative with respect to t).

Based on the consideration that in the Kelvin-Voight model, the deformations
(hence, the stresses) change exponentially, in the future we will assume that the
function K(t) has the form:

K(t)=o,l+e) . 27)

Where 0, and & —are positive constants.
The solution of equation (25) has the form

Nt :e‘at-[ﬂ({,o)+#-(aat—1) (28)

From (22) and (24) we have 2({,t) = K(0o)w'({,0) = KF({) and thus for the
conformally mapping function, we finally obtain the formula:

W' (1) =—8 1+ (ak—1)-e"%]. (29)

aoy(1+e~¢et)
Where o.and F({) — are defined by formula (26).
After determining @'(¢,t) the equation of the desired contour, it will be written
in the form
ina'(n,t
o = M2’ (n.1)

’ ,oel,,nel,.
|'(7,1) |

3. Conclusion

The condition of equal strength of the desired contour is that the tangential normal
stress on it takes a constant value. Note that the mentioned voltage is a function of
point and time. To solve the problem, methods of the theory of conformal mappings
and boundary value problems of analytic functions are used, and the equation of the
desired equal-strength contour is constructed efficiently.
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I'. Kanananze, B. bBanaBanse, JI. Kpicreciamsini, B. ApuBanse
MNOomyYK PIBHOMIIIHOI'O KOHTYPY BCEPEJIMWHI B’SI3KOIIPYKHOI'O
NPAMOKYTHHUKA

AHoranis. HepiBHOMIpHICTh T€OMETPUYHUX 1 (I3UYHUX MApaMeTPiB Y TOHKOCTIHHHX
KOHCTPYKISIX IPU3BOANTH JI0 3HAYHOT KOHIIEHTpallii Halpy>KeHb 1 CTBOPIOE HeOe3 ey Hi 30HH
MOUIMPEHHS TPIlMH abo rmiacTHyHuX aedopmanii. [lig BIVIMBOM HaNpyKEHOTO CTaHy
TOHKOCTIHHI KOHCTPYKLiT Ha0yBalOTh PEOPUCTOTO BUIIIALY.

30HU KOHIICHTpAIIil HAITPY>KSHb B 30HAX HEPIBHOCTEH iCTOTHO BIUTMBAIOThH HA MIIIHICTh Ha
PO3pUB 1 JOBrOBIYHICTh TOHKOCTIHHUX KOHCTPYKLiH. TpaaumiiiHi aHANITHYHI Ta YHACENbHI
METONH, BIIOMI Ha JaHWKA dYac, MEHII e(QeKTHBHI [UIT JOCTIKCHHS HaIpy>KeHO-
ne(pOpMOBAaHOTO CTaHy TO(pPOBaHMX TOHKOCTIHHMX KOHCTpYKIii. Tomy HeoOXimHO
po3poOuTH HOBI €EeKTHBHI METOMU BUPIMICHHS 3aBAaHb IIhOro Kiacy. Ha cporommi mis
IEKEHEpHUX PO3PaXyHKIB MPAKTUIHO HE ICHY€E MOPIBHAHHS MPOCTHX 1 3pyYHHUX (PopMyIT IIist
BU3HAYEHHs] KPUTHYHOTO HABAHTAKCHHS HAa CTHUCK 3 YypaxyBaHHSAM OCOOIMBOCTEH
KOHCTpyKILii. HaykoBa HOBM3HA pOOOTH IMOJISIrae B TOMY, IO JUIS IOCSATHEHHS ITOCTaBICHOT
METH BOHA BHeplle Oy/e BUKOPHCTaHA B 3arajibHii Teopii, po3poOiieHil sl po3paxyHKy
OynmiBenb 1 cropya, Bimomiii sk «Teopiss mpyXHOCTI B 3BHYalHMX JudepeHIiaIbHUX
PIBHSHHSX». Y poOOTI MOKa3aHO, 1110 TOYHICTH 11i€] HOBOT TeOpil ajieKBaTHA KIACHYHIN Teopii
TIO/IOBXKEHHSI 1 B TOH ke 4ac pi3K0o CHpOILIy€ BUPINICHHS OyIb-SKOi 3a/a4i IpU pO3paxyHKy
TUTHT, IO JOCATAETHCS MIUITXOM iX MEPETBOPCHHS B 3BUYANHI TU(EepEHITiaTbHI PIBHIHHS.

Po3risiHyTO 3aranbHi MeTOAM CKJIQJAHHA AW(pEepeHLiANbHUX PIBHSAHb, METOIM iX
CHPOLIEHHS /ISl PO3PaxyHKy MeMOpaH 3 MONEePEeYHUMH PO3pi3aMH, pO3paxyHKy IUIACTHH B
yMOBax HeNiHiliHOro nedopMyBaHHS. Y TOYHEHO METOAM PO3B’SI3yBaHHS AH(epeHIiaIbHIX
PIBHSHB 31 3MIHHUMH Ta IMIyJILCHUMH KoedinieHTamu. Po3poOiieHo anroputm i mporpamy
JUISL aHAJIi3y HaIpy>KeHO-1e(h)OPMOBAHOTO CTaHy ITPOCTOPOBUX KOHCTPYKIiH Ta TX €JIEeMEHTIB.
[IpaxTuyHa iHAICTE POOOTH TOJIATAE B MOXKIIMBOCTI BUKOPUCTAHHS PO3POOJICHUX METO/IB i
MpOoTrpaM ISl MPOEKTYBAHHS 1 OyiBHUIITBA OymiBelb, AJIs 3a/1a4 CTIHKOCTI TUTUT 3 OTBOPaMH
i pebpamu, maHeeH, 10 BAKOPUCTOBYIOTHCS B OYIiIBHUIITBI SIK TUTIOB1 CKIIQAAlIbHI €IEMEHTH.
Hageneni MmaremMaTuaHU alrOpuTM 1 Mporpama ajisi KOHKPETHUX 3aBIaHb, 10 BiAPI3HAIOTHCS
MIPOCTOTOI0, MOXYTh OyTH BHKOPHCTaHI TPOEKTHUMH Ta  HAyKOBO-JOCHITHUMU
OpraHi3alliiMH TIpH pPO3PaxyHKy Ta TMPOEKTYBaHHI IUTacTMH 1 MeMmOpan. Hayxosi
JOCITIIPKEHHS TPOBOIMIINCS IIJISIXOM YHCEIBHUX 1 IPAKTHYHUX EKCIIEPUMEHTIB.

Karouosi ciioBa: moznens Kenbpina-®oiirra; popmynu Konocosa-Mycxeninisiii; 3anay4i
Pimana-I'ins0epra; piBHsHHS BonbTreppa.
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