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CALCULATIONS OF THE SYSTEMATIC VERTICAL DRAINAGE
UNDER PROTECTION OF THE IRRIGATED LANDS AND THE BUILT-UP
TERRITORIES FROM THE GROUND WATERS SUBMERGENCE

Abstract. The methodic of the solution of the problem of the transient flow in
multilayer heterogeneous in cross section aquifer at modeling of the vertical
drainage work with different boundary conditions on the contour of the drainage
well is proposed. The numerical aspects of the solution of the given problem and the
example of solution the methodic task for scheme of the three-layer aquifer at the
constant drawdown of the ground and underground waters on the well contour are
considered.
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Introduction

It is known that the vertical drainage is widely used in solving the problems of
protection against the flooding by the groundwaters of the irrigated lands and the
built-up areas. In most cases it is necessary to consider the transient filtration in a
heterogeneous multilayer aquifer with an interconnection between the main aquifers
through the weakly permeable layers of soils with low filtration properties [1-6].

In this work the problem of transient filtration in a three-layer aquifer with a

constant drawdown S, in the main aquifers consisting of two aquifers of ground and

underground waters separated by a weakly permeable separation layer is considered
(Fig. 1).

This problem was investigated by many
authors for different calculative schemes
and boundary conditions. Some aspects of
the given problem were considered for
example in the works [3-6]. In the given
event a rigid filtration regime in separate
layer is adopted. The algorithm and the
corresponding computer program are
developed which allow to simplify the
solution of the abovementioned problems as
B AR, DR )« K- At b baiariot B the analytical solutions are more complex
LIS L L7 u//,//,'./%: P (L and difficult. The proposed methodic has a
practical significance at decision the
problems of the ecology and for evaluation
and planning water resources.

Fig. 1 — Calculative scheme for
vertical drainage in three-layer
aquifer
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The formulation and numerical-analytic solution of the given problem

For given case the transient radial filtration in this system is written by the following
system of differential equations:

0%S, 108, _ oS
a += 21 g (S, -S,)+E =20
1[ or? r 5I’j 1( 1 2) ot
1)
0°S, 16S 0S (
az[anWa_fJ*bz(S“sz): :
T T k k -
where a,=-1; a,=-%; b=—2-; b=—=2: g=%;
H H MM, MM, H

R= =0.560; T, =k,m;; T, =k;m,

9
Jr
S,(r,t)= Ho — H, (r,t) — the drawdowns of levels of ground and underground

waters respectively in the first and second layers; H, and Hi(r,t) — water levels

according to the start of drainage and in the process of water withdrawal;
K., Ky, Ks, 24, 12,, My, m,, m, —respectively the coefficients of filtration, storativity
and the thickness of the main waterbearing layers; & — average intensity of
infiltration supply; o — the distance between the drainage wells; i =1.2.

The system of equations (1) is solved under the following initial and boundary
conditions on the outer contour of the aquifer:

t=0, S, =0 (2)
t>0, r=R, a—S‘:0 (3)
or

and the boundary conditions on the contour of the well with radius r, for different

variants, namely: water withdrawal with constant drawdown in both layers; water
withdrawal at constant drawdowns in the lower layer and water withdrawal with
constant discharge from both layers:

t>0, r=r, S =S, (4)
oS,
t>0, r=l’0, E=0, SZZSO (5)
oS, oS,
t>0, r=r,, —=0, 2aT,—=-Q. 6
" or or Q ©)

Let us represent the solution relative S, in the following form:
S, =S/(r,00)+S/(r,t), 7)
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where the drawdown Si'(r,oo) is found as a result of the solution of system (1) with
t — o0 (8S,/6t)=0 and the given boundary conditions; the drawdown S/(r,t) is

found by solving system (1) at £ =0 and the boundary conditions for each of the
above cases.

The solution for S; under the boundary conditions (3)—(4) has the following form
[1, 2]

’ S0 r T1
Sl(r,oo)=¥+?go (W, +W, -1) ©

r , T
l,(cr) K,(cR)
" 1, (cr, )+ 1(cR) K,(cr,) "o K,(cr, )+ Kl(CR)I (cr,)
K,(cR) °° ST (eR) 00
T=Km+K,m,, T,=Km, T,=K,m;, c= ﬁ T .
m2 T1T3
Since cr, <<1 then we can write that 1,(cr,)~1, K, (cr,)=In 112 atr-r

0
levels of ground and underground waters are calculated according to the following
formulas [1]:

2
s;(R,oo)zso-%[lnB—o.zsj—TT—% L

0
o Ing+A
Cr, (9)

, . €R*[ R T, B
SZ(R,OO)—SO—E?(InE—O.SJ—?EO 1—m

cro

where A= KiR) g _ K,(cR)+ K,(eR) 1,(cR).
l,(cR) 1,(cR)

The system of equations relative to S" is solved under the boundary conditions
t=0,S'=-S/ and t>0,1r,=1,, S"'=0 and condition (3).
We use Hankel's transformation relative to S;” in the form:
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with kernel conversion

Vo(pr): jo(pr)Yo(pro)_ jo(pro)Yo(pr) (11)
where p —the roots of the characteristic equation
Ji (PR, (pro )= Jo(pr Yo (PR) = 0. (12)

Using the relationships resulting from the properties of the function V(pr),
namely:  V,(pr)—0,V;(pr)+ prvy(pr)=—prVy(pr),  V,(pr,)=2/mpr, we

obtain the following: H{j( GS’H IV pr a( aS”jdr -psS;.
ror

Hence the system (1) can be written as:

B sy by, djtz =[Sz, +b;Sy. (13)
where a =-a,p>-b, f=-a,p’-b,. (14)
With t =0 we have that
R —_—
Si =—[rsN,(pr)dr =5/ (15)

To

Solving the system (13) we find:

S_,(/1 — )—bS_' eﬂ,lt_i_s_l,(a_ﬂ'l)-i_bls_l,eﬂgt

S/(p,t)=S5;. =

Ay =4 A, =4 15)
S”(p t) S" — (ﬁ'z bz) bl Lokt 4 _'(b —ﬂl)+lBS_1' At
2\M 2% FR) )

where

il_OH-ﬂ (a;ﬂj2+blb2; /12 a+ﬂ ( (17)

The transition from the images of function Si”(p,t) to their originals Si(r,t) is
performed according to the following formula:
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n=1 JO pnrO) le(an)
Quite a difficult problem in determining the drawdowns S;(p,,t) and S}(p,,t)

is finding the quantities S_l' and S_z’ by formula (15). In general the expressions
relative to S_l' and S_Z' can be rewritten in (8) in the following form:

S_i'=ar2+ﬂlnrL+y1IO(cr)+5iKo(cr)+Ci , (19)
0
R2 T.e
=0,A, =5,A, 0 = hi
71 1 V2 2 1 o 112
CI’0
T.&, T

T,
S5, =— C1=SO—?350, C,=S, +_|_80, A=27Af .

&g
where o =-—, =——
4T p= 2T

Substituting the value S_,’ into (15) we obtain that:

S/ = —a? r3V, (pr)dr — ﬁjir In rV,(pr)dr —y, jﬁ I,(cr V,(pr)dr —

o fo fo

- 5iTrKo(cr)\/o(pr)dr - TCirVO(pr)dr

To o

(20)

where the function VO( pr) is in accordance with formula (11). Then the first integral
can be represented for example in the following:

R R R
—aj rV,(pr)dr = aH.[r Jo(pr)dr+onJ‘ J(pr)dr,
2 .
M2 0= jo(pn)=1
0
In the same way we can write the other integrals in equation (20). As a result of

computing the integrals we obtain the following formula for determination S_:i':

where 6 =-Y,(pr,)=0,64In=—=

= 1
S, =F(aR2(p1+ﬂ¢z +7:0; + 6,0, +Ci¢5>’ (21)
where @ = 0p! + wp! (i :175)
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= iy (1) =20, (sl = pa¥, ()= 2, (1) - 722
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' Cll((_:)jo(ﬂ)+ﬂ|o(6)j1(ﬂ). "_(_I|((_I)Y(,u)+ylo(5)Yl(y)+—
Py = c 2 TPy = . 5
“(J “(J
Lo @) i), OGO ) K1)
Py = NS ;

—\2 ! _\2
1+(CJ 1+ CJ
H H

_ — T

- " 2. _ r
0h=ta () gf =)+ =1 u=pPRC=CR, T=—gl=2.

The calculated on the computer values of the parameters @/, @ and & for

various values z4,ro and c© were tabulated and summarized in the corresponding
tables.

When € >3 wemaytake . _ 1

Finally the formulas relatively drawdowns Sy(r,t) and S,(r,t) have the
following form:

2

S,(r S+—2Pun)/our S; (14, 1), (22)

it (1)

where P(ﬂn)zm — tabulated function.
1 n

The total withdrawal from the well Q consists of the flow from the upper and
lower aquifers. Using the known dependence of the type:

0S;
Q =-2mT,—" ol (23)

we get the relations for Q,(t) and Q,(t):
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Qu(t)=Q! +27°T, 3 P(u, )51, 1)

i (24)
Q,(t)=Q; +27°T; > Pz, )S5 (1, ),

where Q] and Q) — the discharges at the stationary filtration regime (t — o):

, =T 27T T,¢
Q=" R - )+ TG (25)
T 24T T
Q=2 (R ) TG (26)
1 ] ! !
G- Q=Q+Q==[R-12).
cr [In —— Aj (@7)
cr

For engineering calculations the formulas (25)—(26) can be simplified to the
following form:

Q(t)=Q; + Q%™ Q,(t)=Q; +Qse™ (28)

4TS, (R) (

, (i=12)
1.12R
Yo (/11)"‘ 0'64|o(ﬂ1)|n
Ml

where Q’ =

and the drawdowns S, (R) are found by the formulas (9).

For verification of the developed numerical algorithm the methodic example of
the filtration in three-layer aquifer where the drainage well is working with a constant
drawdown Sp=5.0 m in both layers in the center of the round filtration domain with
radius R =500.0 m was considered (Fig. 1). The thickness of the layers is respectively
m; = mz= 10 m, my= 5 m; filtration coefficients k; = 5.0 m/day, k. = 0.01 m/day,
ks = 20 m/day; storativity coefficients 1 = 0.1, 42 = 0.002 and the value of the
infiltration rate ¢ = 0.001 m/day. The given scheme corresponds one of the systematic
plane drainage where the wells are situated on the distance o = R\z = 885.0 m one
from other.

The results of the numerical calculations of the drawdowns S, and S, according
to the formulas:

2 —
S, (1) =81+ % 2Pt Mol )8 (1) (=1.2) (29)
at R = 500 m for different times are presented on the Fig. 2.
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Fig. 2 — Calculative graphs of the drawdowns in three-layer aquifer

We can see from the obtained graphs that at times 2000 days and more the
filtration regime close to steady one in both aquifers and the steady regime is reached
at time 5000 days after pumping begins. At this the value of the withdrawal from the

first and second layers Q,(t)and Q,(t), Q(t)=Q,(t)+Q,(t) calculated by the
following formulas:

Q(t)= ﬂgTTl(Rz )+ ZETTEEOG 22T, 3 P, 5!t )
n=1
(30)
Q)= (R -1 )- T 6+ 25T, 3 P (a5 )
n=1

and for the values of the upper bound of the sum m = 20 equal accordingly 174.52,
610.87 and 785.40 m¥day (r = R =500m (F, =1).

On the other hand the steady filtration regime is possible if the value of infiltration
over the all filtration domain must to be equal or more of the sum of the withdrawal
from two aquifers. Using the formula (27) we get Q' = 785.00 m*day. So the slight
error between given and calculative values of the inflow and withdrawal is explained
by the errors of numerical calculations on the computer. In that way the results of
the example solution show that the developed methodic allows to solve the problems
of the transient flow in multilayered aquifers at the exploitation of the vertical
drainage with enough for practical aims accuracy.

For simplification of the solutions of the practical problems in some cases when
we need to solve the class of the similar tasks the values of the constituents of the
formula:

S S +_Zpﬂn)‘/0 ( n? )' (31)
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namely: P(z1, W, (1 )Si (,,t) for m=1,2520 and values t = 1, 2, 50, 100, 150,
200, 500, 1000, 5000 days are presented in the Table 1.

Table 1 — Numerical values of the constituents of the series to determine

the drawdowns S, 1 S,
t,day| n=1 n=2 [n=3 |n=4 |n=5 |[n=6
S,,m
20 -4.270-10* {3.141-10° |-1.181-10* |3.821-10°|-7.5:10°8 8.1-100
50 -3.916:10* {6.760-10* |-2.673-10° |2.852:10%|-7-10®
100 [-3.388:101 |5.225-10° |-4.841-10® [1.7-10
150 [-2.932:107 [4.038-10° |-8.768-102
200 |-2.537-10 |3.120-10" |-1.588-10*
500 |-1.065-10" |6.651-1013
1000 |-2.507-10%
5000 |[-2.360-107
S;,,m
20 -3.189-10 {1.850-102 |-1.938-10* |1.246-10*|-4.126-10° |6.649-108
50 -2.924-10 {3.980-10° |-4.388:10° |9.302-10%|-3-10 !
100 [-2.530-10* |3.076-10* |-7.947-10® |5.7-1013
150 [-2.189:107 |2.378:10° |-4.439-10°
200 |-1.894-10" |1.838:10° |-2.607-10*3
500 |-7.952-10° |3.916:1013
1000 |-1.872:10%2
5000 [-1.762-107

It is necessary to notice that to calculate the Bessel functions IO(X), Il(x),

Yo (%), Y (X), jo(x), jl(X), K, (x), Kl(X) the representation of them in the form

of series and respective subroutines were used.

In the testing of subroutines for calculating the Bessel functions the control
examples were calculated the results of which coincided with given accuracy with
the table values for these functions.

Conclusions

The developed numerical solution, algorithm and the computer programs for
considered problem allow to investigate of the wide range of the practical problems
using vertical drainage in bounded and unbounded flow domains of the multilayer
aquifers. The results of the numerical solution of the methodic example shown that
in practical calculations it is enough to take into account 2—-3 terms of the series in
formula (22) without a loss of the accuracy in calculations. In the whole the proposed
methodic of numerical-analytic calculations of the vertical drainages in layered
waterbearing beds may to find a wide application in solution the problems of the
protection of the urban territories and the irrigated lands from the flooding and
submerging by the ground waters.
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C.B. Teinma
PO3PAXYHKH CUCTEMATHUYHOI'O BEPTUKAJIBHOI'O JAPEHAXY IIPH
3AXACTI BIJ MIATOIJIEHHS TPYHTOBUMHM BOJAMM 3EMEJb
3POILIEHHS TA 3ABYJIOBAHUX TEPUTOPIi
AHoTaniss. 3anponoHOBaHa METOJAMKA PO3B’SI3KY 3ajadi HeycTajeHoi (inbrpamii B
OaraTomapoBiii HEOMHOPIMHINA Yy pO3pi3i BOJOHOCHIN TOBINI IPH MOJCIIOBaHHI POOOTH
BEPTHKAJIBHOTO JPCHA)XY 3 pI3HUMH TI'PaHWYHUMH YMOBaMH Ha KOHTYpI JIpeHa)KHOI
CBEpAJIOBMHU. PO3ITSIHYTO dYHMCENnbHI ACTEKTH BHPIMICHHS IaHOi 3amadi i HaBEAEHO
METOIUYHHUH NPUKIA] PO3B’A3KY U1 CXEMH TPHOXIIAPOBOTO BOJOHOCHOTO TOPU3OHTY i3
3aJjaHHsM Ha KOHTYPi CBEPJIOBHUHH MOCTIITHOTO 3HIDKEHHS IPYHTOBHX 1 IMi3€MHUX BOJI.
Kuro4uoBi ci1oBa: aHamiTHYHE pilIeHHS; HEYCTalleHa (DUTBTpAILisl; YUCEIBHUHN aITOPUTM;
BEPTUKAJIBHUHN JpeHax; OaraTomrapoBuil BOJOHOCHUI TOPH30HT
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